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Recap

Introduced cofibrant generation ⇒ I suitable sets I.J such

that 1) up ( pep (I)) s cogibratims + smallness condition on

2) up( RCP ( JD s acyclic cog. Godowns g I , J.

ssetkan
,
Top#Ken

, . ..
etc Cy . gen. Top strom but Cg . gen

Lack
g jibratty generated things us cosmanners problems.

coplimttnf A , Xp) E Hom ( A ,
Colin Xp)



Recap

Right transferred model structures. U : DE, f :f

weak eqwvtjib . detected with U
.

" model cat
.

* Special case projectile model on ED objecting weak egwtfb?
existed g- Ecg . gen cgiff.gg presentable

* Left transfer . Harder ! But special 6 was combinatorial we have
-

inject model ED objectwise weak egautcof.

id : Gin} Is Eprlf : id Qader equivalence.



Reedy model structures

A Reedy category is a category R equipped with two wide subcategories R+ and R� and a

degree function d : ob(R) ! N such that the following hold:

(1) every nonidentity morphism in R+ raises degree;

(2) every nonidentity morphism in R� lowers degree;

(3) every morphism in R factors uniquely as a morphism in R� followed by a morphism in R+.

nb no automorphisms
on objects of R .

⇐ * D is Reedy Ck)→ Cns is in Dt if inj .

Cns→CID is in D
, if surjectk.

* ly Ris Reedy , then ROP is Reedy homotopy lim
t

* Diagram shapes (a → . → - n ) C- ← . → .)
/

Colm
.



Reedy model structures

Proposition:

Lemma:

het R be Reedy ,

and 6 any model structure . Then

there is a model structure on f
R
where a map is

:

* weak Equiv are objectwise .

*

if :b →
" Reedy fibration

" explicit descriptions

← Cg →
"

Reedy cey-ibrat.ms
"

Eid; E'Leg ppg.
all Quran quo .



Bousfield localization

Another method of
"

New from old
"

underlying category remains the same .

* increase weak Equivalences *

If we add more weak Equus → agcic agitations also increase

⇒fibration must decrease
.

fix either the jib or Afi beating and Rcpllcp the

other
.



Homotopy function complexes

Idea: Model categories have hom-spaces between objects.

Let C be a model category, and X 2 C.

• A cosimplicial resolution of X is

• A simplicial resolution of X is

an acyclic agitation A*CTcX* in
w

f Leedy
.

Constant Cosinp .

object at X

N

an acyclic fibration CX. → A . in

GOP W
constant simp.& Reedy . obj atx

functor.at
( co) simplicial

⇒ r; f → ED T : f→ EDP resolution functor.



Homotopy function complexes

X. YEE form a
bisimplicial set Horn ( rt, EY )

HomerHEX )n
.

s Hom (RX
"

,

i Yn)
* napkin is diag (Hom CH,

asset
.

"
mapping space

"

"

homotopy function complex
"



Homotopy function complexes

Props : ① map ( fry) Esset is
a Kon complex

⇒ fibrat in SSet Kan

⇒ a space .

② Independent g any choices
.
④ To map

(KY)
' CK'D

③ Ig 8 is a simptical
model category .

map ( X -Y) e home (KY)
cg
?
"

f :b



Left Bousfield localization

Let C be a model category and S be a set of morphisms in C.

• An object Z 2 C is said to be S-local if

map(s, Z) : map(B, Z) ! map(A, Z)

is a weak equivalence in sSetKan for all s : A ! B in S.

• A morphism f : X ! Y in C is an S-equivalence if

map( f , Z) : map(Y, Z) ! map(X, Z)

is a weak equivalence in sSetKan for all S-local objects Z 2 C.

TAT



Left Bousfield localization

A left Bousfield localization of a model category C with respect to a set of morphisms S (if it

exists) is a new model structure LSC on the underlying category of C such that the:

• weak equivalences

• fibrations

• cofibrations

are the S- local cquuakree ( {glwogal s
weak Giv)

Rep ( acyclic Cg .)

are the ag. g f

The f.b . obj g Lsf
age th S- local jib . obj g f

,



Left Bousfield localization

Lemma:

Proposition:

Proposition:

id : G→ Lsb is left Quiller .

The S- local equus
between 5- local f.

b obj are exactly

the original weak Equiv in 8.
"

"

fibration
"

"

jib rations



An aside

Props A poshout y facgd.cl Afb is an (agate )
cogitation.

¥
,

. sina.sn:P:c:÷::m.

Dually for fibration,



Non-existence of localizations

Proposition: The following is a model category:

a ⇠ // //
� _

✏✏✏✏

b� _

✏✏✏✏
c �
�

// // d

2 I

want to localise at the map Ss {a → Eg

* The S - local objects are c , d

'

"

( siamangmaps from)
"

* The mop ⇐ D was not a weak cqwalua before so it is still

not a weak equiv.

← If a Esc ⇒ b Id as a pushout g an agde og
"

By 2. out -g
- 3 ⇒ ctsd &



Left properness

A model category C is left proper if for every weak equivalence a ! b, and cofibration a ! c,

the morphism f in the following pushout is also a weak equivalence:

a ⇠ //
� _

✏✏

b

✏✏
c

f
// p .

Proposition:

-
c

If all 05, are Cgibrat
⇒ left proper. ssetka.

Top Quiller



Existence of localizations

Proposition: If G is combinatorial theft proper , then left Boos . loi g

f at any set S exists !

l l

"

But what abort Topaolkn d
'



Cellular model categories

Cofibrat gen
g

Combinatorial
-

cellular

"

cellular ⇒ compactness + smallness
condition on
I.J

cogitations
are effective Monomorpksms

"

ssetkm is Topa.ua is setting is comb but

AlltComb cell bot cellular
*u* →

*



Existence of localizations

Proposition: ly ee is cellular t lift proper
⇒ LBL exist for s a set

,



Localizations at homology theories

Let h* be a generalized con . theory
.

'

Can join a localization g Top Quillen at those

maps j :X →4 such that ↳ ji h. X h*Y

⇒ Bousfield also proves
this for spectra .



Postnikov towers

* Agan work with Top omen
.

Sn : { S
"

→* 1km}

↳TopQuillen = Topsn
.

→ weak guvs are those map X →y such that

ti (X ) → IT:(Y) iwsos for
isn

.

. . . → Tops , → Top.coid



Completions

Let Chl E) pig
Ws Qasi - isos As

Fs dlgreelvia Epis .

Form Ilp - homology isos =) f:X -51 is
such a map if

f-n Hp is a weak agar.

↳ Ip Chl proj ~ "
p
- complete abelian gps

"

is DCI);



Right Bousfield localization

Let C be a model category and K a set of objects of C.

• A morphism f : A ! B in C is a K-coequivalence if

map(X, f ) : map(X, A) ! map(X, B)

is a weak equivalence in sSetKan for each X 2 K.

• An object Z 2 C is K-colocal if

map(Z, f ) : map(Z, A) ! map(Z, B)

is a weak equivalence in sSetKan for any K-coequivalence.



Right Bousfield localization

The right Bousfield localization at K of C is the model category RKC with underlying category

of C such that the:

• weak equivalences

• fibrations

• cofibrations

Rn Colo cat guns

are fibs g f

up (Acyclic fb)
.

If -3 Rrf is right Quiller .



Right Bousfield localization

Proposition: Let 6 be right proper t either cellular or combinatorial

ther RBG exists fr any set g objects .


